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Abstract
The solving equations of the type () we do not find everywhere. In a recent paper, in 2015, we have presented an inductive
solving using "the method of divisors" and "the method of inequalities between unknown" in the set of natural numbers of this 
class of equations in two variables. In this paper, using the same methods, we tackle in a deductive way the problem of
solving equations of type (), in three variables, that is we propose the solving of the general equation () after which we 
can deduce easily, way of solving the all these types of equations.
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1. Introduction
As we mentioned in (9ăOFDQ 2015), analyzing the given subjects Olympiads and school competitions, but 
also works (books, treatises or scientific articles) about the solving the diofantian equations (see bibliography!), we 
find that is completely missing solving equation categories like:
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where, for any i= k,1 , ai, m, nN, and (m,n)=1. 
In (9ăOFDQ 2015) have presented an inductive solving using (combined!) "the method of divisors" and 
"the method of inequalities between unknown" in the set of natural numbers of this class of equations in
two variables. This method of divisors, as the name implies, uses the divisors of a number who intervenes in 
solving an equation. Therefore, before moving on to solving them in (9ăOFDQ2015) I made some remarks on how to 
obtain the set of divisors a natural number and to the number of these divisors, matters which the we have used there 
and you we use in this paper. 
Therefore, we assume that the reader is familiar with those presented here.
In (9ăOFDQ2015) we presented the solving the equations in two variables, listed in
Table 1:
The type of the equation The type of the equation
x
1
+
y
1
=1.      (A)
x
1
+
y
1
=m.                                              (A1)
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1
=1.                     (B)
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x
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y
1
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x
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y
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x
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y
b
=1, at2, bt2, (a,b)=1.                               (D)
x
a
+
y
b
=m, at2, bt2, (a,b)=1                           (D1)
x
1
+
y
1
=
n
1
, nt2.                                                   (E)
x
2
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y
1
=
n
1
, nt2.                                                (F)
x
a
+
y
1
=
n
1
, at3, nt2.                                           (G)
x
a
+
y
b
=
n
1
, at2, bt2, nt2, (a,b)=1.                  (H)
x
1
+
y
1
=
n
m
, mt2, nt2, (m,n)=1.                           (I)
x
2
+
y
1
=
n
m
, mt2, nt2, (m,n)=1.                        (J)
x
a
+
y
1
=
n
m
, at3, mt2, nt2, (m,n)=1.                 (K)
x
a
+
y
b
=
n
m
, a, b, m, nt2, (a,b)=(m,n)=1.         (L)
We specify that in (9ăOFDQ 2015), except equations of type (A) and (B) for each of the other types of 
equations in the table above, we solved at least one example / particular case.
The same time, we emphasize that all coefficients of equations in the table above are monzero integers.
As we mentioned above, the method used in (9ăOFDQ 2015) is inductive. I could proceed directly to 
the solving the equation of type (L), but the aim was to the form the reader's, attentive and interested in 
these matters, these issues a demarche resolution, which it can use contextual, depending on the year of study, 
students' level of training or type of evaluation (initial, formative, summative type Olympics or competitive 
examinations).
In this paper, we tackle în a deductive way the problem of solving equations of type (), in three variables, that 
is we propose the solving of the general equation:
x
a
+
y
b +
z
c
=
n
m
, a, b, cN, (a,b,c)=(m,n)=1,                                                                                                     ()
after which we can deduce easily, way of solving the all these types of equations.
2. The solving of the equation ()
Generally, the equation () is not symmetrically. On the other hand, if 
n
m Z, then
n
m da+b+c, and if 
n
m Z, 
then:
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a) x=y=z. In this case, if m _ n(a+b+c), then we obtain the only solution: x=y=z=
m
)cba(n 
, and if this does not 
happen, then we have no solution of equation (), in this case.
b) Two unknown is the same, but different from the third. For example, if x=yzz, then, in this case, the equation 
() becomes:
x
ba  +
z
c =
n
m .                                                                                                                                                       (i)
The circular permutations, according to the hypothesis, also obtain two equations in this category:
x
ca  +
y
b
=
n
m ,                                                                                                                                                      (ii)
if x=zzy, respective
x
a +
y
cb 
=
n
m ,                                                                                                                                                      (iii)
if xzy=z.
c) xzyzzzx. Here we distinguish six subcases.
i) If xyz, then
z
1 
y
1

x
1 and 
z
cba  
x
a +
y
b
+
z
c 
x
cba  ; so
z
cba  
n
m 
x
cba  . It follows that: x
m
c)bn(a 
, z!
m
c)bn(a 
and, because
n
m
-
x
a !0, obtain that x!
m
na
, therefore [x=k, cu k= q,1p  ], where p=
»¼
º
«¬
ª
m
na
- is the integer part of the number
m
na , and q is the largest integer that is less than
m
)cba(n  . In this case, 
the equation () becomes:
y
b
+
z
c =
nk
namk 
.                                                                                                                                                  (iv)
ii) If xzy, then
y
1

z
1 
x
1 and 
y
cba  
x
a +
y
b
+
z
c 
x
cba  ; so
y
cba  
n
m 
x
cba  . It follows that: x
m
c)bn(a 
, y!
m
c)bn(a 
and, because
n
m
-
x
a !0, also obtain that x!
m
na
, therefore x=k, with k= q,1p  , where 
p and q have the same meaning as in subcase i), and the equation derived from the equation () is the same - (iv).
iii) If yxz, then
z
1 
x
1 
y
1
and 
z
cba  
x
a +
y
b
+
z
c 
y
cba 
; so
z
cba  
n
m 
y
cba 
. It follows that: y
m
c)bn(a 
, z!
m
c)bn(a 
and, because
n
m
-
y
b !0, obtain that y!
m
nb
, therefore y=k, where k= q,1r  , r= »¼
º
«¬
ª
m
nb
-
is the integer part of the number
m
nb , and q is the largest integer that is less than
m
)cba(n  . For each of these k, 
the equation derived from equation () is:
x
a +
z
c =
nk
nbmk  .                                                                                                                                                   (v)
iv) If yzx, then, reasoning as in subcase iii), we obtain that: y
m
c)bn(a 
, x!
m
c)bn(a 
and, because y!
m
nb
,
also obtain that y=k, where k= q,1r  , with r and q having the same meaning as in the previous case, and, for each 
of these k, the equation derived from equation () coincides with that of the subcase iii). 
v) If zxy, then
y
1 
x
1 
z
1
and
y
cba  
x
a
+
y
b +
z
c 
z
cba 
; so
y
cba  
n
m 
z
cba 
. It follows that: z
m
c)bn(a 
, y!
m
c)bn(a 
and, because
n
m
-
z
c !0, obtain that z!
m
nc
; therefore z=k, with k= q,1s  , where s=
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»¼
º
«¬
ª
m
nc
- is the integer part of the number
m
nc , and q is the largest integer that is less than
m
)cba(n  . For each of 
these k, the equation derived from equation () is:
x
a
+
y
b =
nk
ncmk 
.                                                                                                                                                 (vi)
vi) If zyx, then, reasoning as in subcase v), we obtain that: z
m
c)bn(a 
, x!
m
c)bn(a 
and, because z!
m
nc
,
also obtain that z=k, with k= q,1s  , where s and q have the same meanings as in the previous subcase, and, for each 
such k, the equation derived from equation () coincides with that of subcase v).
We observe that equations (i) - (vi) are of the type shown in Table 1; hence solving the equations of type ()
reduces to solving some equations in two unknowns.  
Finally, we mention that for each subcase, in part, solve the corresponding equation.
Further we present a table of various particular cases of equation (). For each equation in part, we present the 
number of equations in two variables which reduces solving it, and the number of its solutions.
Table 2:
Equation Nr. of equations / 
nr. of solutions
Ecuation Nr. of equations / 
nr. of solutions
x
1
+
y
1
+
z
1
=1.                  (M)
2 / 10
x
1
+
y
1
+
z
1
=2.               (M )
2 / 3
x
1
+
y
1
+
z
1
=3.              (M )
1 / 1
x
3
+
y
1
+
z
1
=1.                  (N(i))
6 / 24
x
4
+
y
1
+
z
1
=3.               (N )
3 / 2
x
4
+
y
1
+
z
1
=5.                (N )
3 / 1
x
3
+
y
5
+
z
1
=1.                (O(i))
18 / 67
x
5
+
y
2
+
z
1
=3.                (O )
8 / 9
x
5
+
y
2
+
z
1
=6.               (O )
6 / 2
x
3
+
y
5
+
z
7
=1.                   (P(i))
30 / 179
x
5
+
y
6
+
z
7
=9.               (P )
6 / 9
x
5
+
y
6
+
z
7
=13.              (P )
6 / 1
x
1
+
y
1
+
z
1
=
3
1
.              (Q(i))
16 / 106
x
5
+
y
1
+
z
1
=
7
1
.                (R(i))
98 / 586
x
3
+
y
7
+
z
1
=
2
1
.              (S(i))
44 / 235
x
2
+
y
5
+
z
7
=
3
1
.                 (T(i))
84 / 765
x
1
+
y
1
+
z
1
=
3
5
.              (U(i))
6 / 9
x
1
+
y
1
+
z
1
=
7
3
.               (U(ii))
15 / 43
x
1
+
y
1
+
z
1
=
12
25
.          (U(iii))
6 / 3
x
7
+
y
1
+
z
1
=
5
3
.                (V(i))
32 / 140
x
7
+
y
1
+
z
1
=
5
6
.             (V(ii))
18 / 24
x
7
+
y
1
+
z
1
=
5
11
.            (V(iii))
12 / 9
x
3
+
y
5
+
z
1
=
7
2
.             (W(i))
66 / 347
x
3
+
y
5
+
z
1
=
2
3
.              (W(ii))
13 / 35
x
3
+
y
5
+
z
1
=
7
23
.          (W(iii))
8 / 7
x
2
+
y
3
+
z
5
=
7
4
.               (Z(i))
38 / 204
)i(
1
)ii(
1
)i(
1
)ii(
1
)i(
1
)ii(
1
)i(
1
)ii(
1
133 Teodor-Dumitru Vălcan /  Procedia - Social and Behavioral Sciences  209 ( 2015 )  129 – 136 
x
2
+
y
3
+
z
5
=
3
10
.             (Z(ii))
8 / 23
x
2
+
y
3
+
z
5
=
7
29
.             (Z(iii))
8 / 3
3. The solving an equation as a particular case of the type ()
For example, we solve equation (Z(i)), the other leaving them to the reader interested in these issues.
Therefore, to solve the equation:
x
2 +
y
3
+
z
5 =
7
4
.                                                                                                                                                    (Z(i))
The solving: Being a particular case of equation (), we reason as above.
a) x=y=z. In this case, we do not obtain any solution of the equation (Z(i)).
b) Two unknown is the same, but different from the third. For example, if x=yzz, then, in this case, the equation 
(Z(i)) becomes:
x
1 +
z
1 =
35
4
, (1) a particular case of the equation (I). Judging as in equation (I), according to the 
hypothesis, we obtain the following six solutions of the equation (Z(i)): (9,9,315), (10,10,70), (15,15,21), (21,21,15), 
(70,70,10), (315,315,9). According to the hypothesis, we obtain, furthermore, the following two equations:
x
7 +
y
3
=
7
4
, (2) if x=zzy – which is a particular case of equation (L) – with solutions: (13,91,13), (14,42,14), (49,7,49), 
(98,6,98); respectively
x
1 +
y
4
=
7
2
, (3) which is a particular case of equation (J), if xzy=z. According to the 
hypothesis and the Case (J), for the last equation, we obtain the following three solutions of equation (Z(i)):
(4,112,112), (7,28,28), (28,16,16).
c) xzyzzzx. Here we distinguish six subcases.
i) If 1xyz, then
z
1 
y
1

x
1 and 
z
10 
x
2 +
y
3
+
z
5 
x
10 ; so
z
10 
7
4 
x
10 . It follows that: x
2
35
, z!
2
35
and, 
because
7
4
-
x
2 !0, obtain that x!
2
7
, that is, in this subcase, x^4,5,6,7,8,9,10,11,12,13,14,15,16,17`. Therefore, 
here, we have 14 equations. 
ii) Analogously to the subcase i) is treated the subcase 1xzy. Thus we obtain, and here, that x^4,5,6,7,8,9,10,
11,12,13,14,15,16,17`; this time the y!
2
35
, and equations derived from (Z(i)) are the same 14, as in the 
previous subcase, but with other solutions. The equations derived from (Z(i)), their type and the solutions of the 
equation (Z(i)), for both subcases, are listed in:
Table 3:
The equation The 
type
The solutions of the equation (Z(i))
The subcase i) The subcase ii)
y
3
+
z
5 =
14
1 ,       (4)
(H) (4,43,3010), (4,44,1540), 
(4,45,1050), (4,46,805), (4,47,658), 
(4,48,560), (4,49,490), (4,52,364), 
(4,54,315), (4,56,280), (4,57,266), 
(4,62,217), (4,63,210), (4,70,175), 
(4,72,168), (4,77,154), (4,84,140), 
(4,91,130), (4,102,119);
(4,126,105), (4,140,100), (4,147,98),
(4,182,91), (4,189,90), (4,238,85),
(4,252,84), (4,287,82), (4,336,80),
(4,462,77), (4,532,76), (4,630,75),
(4,777,74), (4,1022,73), (4,1512,72),
(4,2982,71);
y
3
+
z
5 =
35
6 ,       (5)
(L) (5,18,1050), (5,21,175), (5,30,70), 
(5,42,50);
(5,105,35), (5,630,30);
y
3
+
z
5 =
21
5 ,       (6)
(L) (6,14,210), (6,18,70); (6,42,30);
y
3
+
z
5 =
7
2 ,         (7)
(L) (7,11,385), (7,12,140), (7,13,91), 
(7,14,70), (7,18,42), (7,21,35);
(7,35,25), (7,63,21), (7,84,20), 
(7,133,19), (7,378,18);
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y
3
+
z
5 =
28
9 ,      (8)
(L) (8,12,70), (8,21,28); (8,36,21), (8,42,20), (8,336,16);
y
3
+
z
5 =
63
22 ,      (9)
(L) - (9,27,21), (9,42,18), (9,189,15);
y
3
+
z
5 =
35
13 ,     (10)
(L) - (10,210,14);
y
3
+
z
5 =
77
30 ,     (11)
(L) - -
y
3
+
z
5 =
42
17 ,    (12)
(L) (12,18,21); (12,63,14), (12,42,15);
y
3
+
z
5 =
91
38 ,     (13)
(L) - -
y
3
+
z
5 =
7
3 ,       (14)
(L) - -
y
3
+
z
5 =
105
46 ,   (15)
(L) - -
y
3
+
z
5 =
56
25 ,    (16)
(L) - -
y
3
+
z
5 =
119
54 ,   (17)
(L) - -
iii) If 1yxz, then
z
1 
x
1 
y
1
and
z
10 
x
2 +
y
3
+
z
5 
y
10
; so
z
10 
7
4 
y
10
. It follows that: y
2
35
, z!
2
35
and, 
because
7
4
-
y
3
!0, obtain that: y!
4
21
. Thus, y^6,7,8,9,10,11,12,13,14,15,16,17`. Therefore, here, we have 12 
equations.  
iv) Analogously to the subcase iii) is treated the subcase 1yzx. Thus we obtain, and here, that y^6,7,8,9,10,11,
12,13,14,15,16,17`, this time the x!
2
35
, and equations derived from (Z(i)) are the same 12, as in the 
previous subcase, but with other solutions. The equations derived from (Z(i)), their type and the solutions of the 
equation (Z(i)), for both subcases, are listed in:
Table 4:
The equation The 
type
The solutions of the equation (Z(i))
The subcase iii) The subcase iv)
x
2 +
z
5 =
14
1 ,     (18) (H) (29,6,2030), (30,6,1050), (32,6,560), 
(33,6,462), (35,6,350), (36,6,315), 
(38,6,266), (42,6,210), (48,6,168), 
(56,6,140), (63,6,126), (68,6,119), 
(77,6,110), (84,6,105);
(126,6,90), (168,6,84), (224,6,80), 
(273,6,78), (308,6,77), (420,6,75), 
(518,6,74), (1008,6,72), (1988,6,71);
x
2 +
z
5 =
7
1 ,       (19) (H) (15,7,525), (16,7,280), (19,7,133), 
(21,7,105), (24,7,84), (28,7,70);
(63,7,45), (84,7,42), (112,7,40), 
(259,7,37), (504,7,36);
x
2 +
z
5 =
56
11 ,     (20) (L) (12,8,168), (16,8,70), (28,8,40); (112,8,28);
x
2 +
z
5 =
21
5 ,     (21) (L) (12,9,70), (12,9,35), (12,9,30); -
x
2 +
z
5 =
70
19 ,    (22) (L) - (28,10,25), (60,10,21);
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x
2 +
z
5 =
77
23 ,    (23) (L) - (28,11,22);
x
2 +
z
5 =
28
9 ,    (24) (L) (14,12,28); (24,12,21), (28,12,20), (224,12,16);
x
2 +
z
5 =
91
31 ,     (25) (L) - (273,13,15);
x
2 +
z
5 =
14
5 ,     (26) (L) - (84,14,15);
x
2 +
z
5 =
35
13 ,     (27) (L) - -
x
2 +
z
5 =
112
43 ,   (28) (L) - -
x
2 +
z
5 =
203
23 , (29) (L) - -
v) If 1zxy, then
y
1 
x
1 
z
1
and 
y
10 
x
2 +
y
3
+
z
5 
z
10
. It follows that
y
10 
7
4 
z
10
and, thus, z
2
35
, y!
2
35
and, 
because
7
4
-
z
5 !0, obtain that z!
4
35
. Thus, z^9,10,11,12,13,14,15,16,17`. Therefore, here, we have nine 
equations.  
vi) If 1zyx, then we proceed as in subcase v). Thus we obtain, and here, that:
z^9,10,11,12,13,14,15,16,17`, and equations derived from (Z(i)) are the same nine, as in the previous subcase, but 
with other solutions. The equations derived from (Z(i)), their type and the solutions of the equation (Z(i)), for both 
subcases, are listed in:
Table 5:
The equation The 
type
The solutions of the equation (Z(i))
The subcase v) The subcase vi)
x
2 +
y
3
=
63
1 ,     (30)
(H) (127,24003,9), (128,12096,9),
(129,8127,9), (132,4158,9),
(133,3591,9), (135,2835,9),
(140,1890,9), (144,1512,9),
(147,1323,9), (153,1071,9),
(168,756,9), (175,675,9),
(180,630,9), (189,567,9),
(207,483,9), (224,432,9),
(252,378,9), (273,351,9),
(288,336,9);
(369,287,9), (420,270,9),
(504,252,9), (567,243,9),
(612,238,9), (693,231,9),
(1008,216,9), (1260,210,9),
(1449,207,9), (1827,203,9),
(2772,198,9), (3528,196,9),
(4095,195,9), (8064,192,9),
(21033,191,9), (23940,190,9);
x
2 +
y
3
=
14
1 ,     (31)
(H) (29,1218,10), (30,630,10),
(31,434,10), (32,236,10),
(34,238,10), (35,210,10),
(36,189,10), (40,140,10),
(42,126,10), (49,98,10), (52,91,10),
(56,84,10);
(77,66,10), (84,63,10), (112,56,10),
(126,54,10), (175,50,10),
(196,49,10), (224,48,10),
(332,46,10), (420,45,10),
(616,44,10), (1204,43,10);
x
2 +
y
3
=
77
9 ,     (32)
(L) (28,66,11); (44,42,11), (77,33,10);
x
2 +
y
3
=
84
13 ,      (33)
(L) (13,3276,12), (14,252,12),
(15,140,12), (24,42,12), (28,36,12);
(42,28,12), (168,21,12), (420,20,12);
x
2 +
y
3
=
91
17 ,     (34)
(L) - (28,26,13);
x
2 +
y
3
=
14
3 ,     (35)
(L) - (28,21,14), (42,18,14), (140,15,14);
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x
2 +
y
3
=
21
5 ,     (36)
(L) - (28,18,15);
x
2 +
y
3
=
112
29 ,   (37)
(L) - -
x
2 +
y
3
=
119
33 ,    (38)
(L) - -
Therefore, solving the equation (Z(i)) has been reduced to solving of 38 equations with two unknowns, to 
afford the exact 204 solutions of its.  
No wonder they do not dare "mathematical world" to handle with that. Solving equations of type (), albeit only 
as an the set of natural number, seven the if two or three variables, is not easy, in the sense that it may require a large 
volume of work, calculations, not very difficult, but many, which implies a certain risk of mistake in the sense to
obtain "solutions" that does not verify equation or losing the the true solutions. Therefore, to optimize the process of 
solving these equations LQ 9ăOFDQ  Ze carried out two programs to solve the equations from Table 1, 
for one or for more equations. The programs were written in language C++.       
We must emphasize here that equation () to m=n=1 and kt3, is treated in the (Andreescu, Andrica, 2002, p. 
35) and reiterated in (Cucurezeanu, 2006, p. 302), where it is shown that such an equation
is solvable, while presenting even more ways to build solutions for such equations. Also two cases, trivial, are 
treated in the paper (Engel, 1998). Neither in of these papers is presented a complete solution of such equations; in 
other words, not all solutions are determined of such equations.
Finally, we can only hope that we form of reader an image, be it a summary, on a way to solve this type of 
diofantian equations in two or three variables, in the set N.   
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